In this paper the causality issues are discussed in a non-Riemannian geometry, called Lyra geometry. It is a non-Riemannian geometry originated from Weyl geometry. In order to compare this geometry with the Riemannian geometry, the Einstein field equations are considered. It is verified that the Gödel and Gödel-type metric are consistent with this non-Riemannian geometry. A non-trivial solution for Gödel universe in the absence of matter sources is determined without analogue in general relativity. Different sources are considered and then different conditions for causal and non-causal solutions are discussed.
I. INTRODUCTION
General Relativity (GR) [1] is a relativistic theory of gravity that accurately explains several gravitational phenomena [2] . However, it faces some challenges of both observational and theoretical nature (see, e.g., the recent overview [3] and references therein), such as accelerated expansion of the universe and the presence of a mysterious form of matter which cannot be directly observed.
In addition, there is still no complete and consistent quantum theory of gravity. From these facts emerges the possibility that GR may be modified. Several modified gravity theories have been developed, such as F(R) gravity [4, 5] , bumblebee model [6] , Chern-Simons gravity [7] , Brans-Dicke theory [8] , F(R,T) gravity [9] , higher derivative gravity [10] , hybrid metric-Palatini gravity [11] , conformally coupled general relativity [12] , bigravity [13] , non-commutative space-times [14] , de Sitter Horndeski models [15] , gravity with Lorentz violation [16] , orbital effects of Lorentz-violating gravitomagnetism [17] , Chameleonic theories [18] , generalized f(R,Φ, X) gravity [19] , supergravity [20] , arctan-gravity [21] , f(T) gravity [22, 23] , among others.
In 1918, H. Weyl [24, 25] presented a unified field theory, where the aim was to unify gravitation and electromagnetism. A recent revisitation of Weyl ideas has been done [26] . In this theory a gauge function that geometrizes the electromagnetism has been introduced. Then the geometry becomes non-Riemannian. The metric compatibility conditions are changed, which means that the related connection is no longer represented by the Christoffell symbol. The major problem with this theory is that the vector length under parallel transport is not constant. This implies the theory is inconsistent, since it becomes non-integrable.
G. Lyra, in 1951 , proposed a new modification of the Riemannian geometry [27] . Its modification consists in the introduction of a gauge function in the affine space. The gauge function acquires the same status of coordinate system, and together they form the so-called "reference system". Lyra theory is considered as a generalization of the Weyl geometry, but as an advantage the vector length under parallel transport remains constant. This theory has been developed by various authors. For example, Sen [28] formulated a generalization of GR in the context of Lyra geometry where the gauge function naturally gives rise a displacement vector in the field equations. Halford [29] has shown that the constant displacement vector plays the role of cosmological constants, with the advantage that the displacement vector arises naturally from the introduction of the gauge function, whereas in GR the cosmological constant is introduced in an ad hoc manner. Sen and Dunn [30] have shown that the field equations obtained in [28] can be considered as a special case of the Brans-Dicke theory [8] if the gauge function is identified as the scalar field. Beesham [31] has studied FLRW cosmological models in Lyra manifold with time dependent displacement field. Recently, numerous studies have been done in the Lyra context, such as, an inhomogeneous Bianchi-I model in Lyra geometry has been studied [32] , a thermodynamic analysis of gravitational field equations has been investigated [33] , dark energy has been discussed [34] , Bianchi type VI cosmological model in the presence of electromagnetic fields with variable magnetic permeability has been analyzed [35] , bulk viscous with strange quark matter attached to the string cloud for higher dimensional FriedmanRobertson-Walker (FRW) universe has been studied [36] , static traversable wormholes in Lyra manifold have been considered [37] , among others. In this paper the main objective is studying the Gödel-type solutions in Lyra geometry looking for a new interpretation for the displacement vector and also solutions that avoid the causality violation.
The Gödel solution is an exact solution of GR proposed by K. Gödel in 1949 [38] . It is the first cosmological solution with rotating matter. This solution represents a universe model that exhibit causality violation since allows the existence of Closed Time-like Curves (CTC's). There are some others models that display CTC's, such as the van Stockum space-time of a rotating dust cylinder [39] , the Kerr space-time [40] and the Gott space-time of two cosmic strings [41] .
A generalized version of Gödel metric has been developed which is called Gödel-type metric [42] .
In this generalization the causality problem was examined with more details. Here the causality problem is investigated in Lyra geometry where new causal solutions are found. This paper is organized as follows. In section II, a brief introduction to Lyra geometry is presented. In section III, the Gödel and Gödel-type universes are introduced. In section IV, the Gödel universe in Lyra geometry is studied. In section V, the Gödel-type universe in Lyra geometry is analyzed. The cases Λ = 0 and Λ = 0 are considered for two different energy-momentum tensors.
In section VI, some concluding remarks are made.
II. LYRA GEOMETRY
Here a brief introduction to Lyra geometry [27] is presented. Lyra proposed a generalization of Riemann geometry. In this formalism the components of the displacement vector between two points P (x µ ) and P ′ (x µ + dx µ ) are given as ξ µ = x 0 dx µ , where x 0 is a gauge function. The coordinates system x µ and the gauge function x 0 form the reference system, i.e, (x 0 ; x µ ). Note that, x 0 has nothing to do with the time component of the space-time coordinates. It is a symbol that represents the gauge function.
The connection components in Lyra geometry are obtained by transforming the general coordi-nates of the reference system. The coordinate transformation of a multi-component tensor is given by [28] 
where
x 0 . The factor λ s−r arises as a consequence of the introduction of the gauge. Assuming that a vector ξ µ (x 0 ; x µ ) is constant in a reference system, such that ξ µ ,λ = 0. Then, in another reference system (x 0 ′ ; x µ ′ ) we get
with
The parallel transport of a vector ξ µ in Lyra geometry is given by
withΓ µ αβ being not symmetric, although Γ µ αβ is symmetric, which the explicit form will be determined.
The parallel transport in Lyra geometry is integrable. The length of the displacement vector is given by the invariant
Then δ(g µν ξ µ ξ ν ) = 0, i.e., the length of a vector is conserved upon parallel transport, as in Riemannian geometry. Using this condition, we get
that disregarding the factor (1/x 0 ) is identical to the connection obtained by Weyl [25] . Note that, Γ µ αβ is the Christoffel symbol in Riemannian geometry. The curvature tensor in Lyra geometry is given as
It is obtained in the same as in general relativity. From it the Ricci tensor is
with R κα being the Ricci tensor of Riemann geometry and
. The curvature scalar is
where R is the curvature scalar in the Riemannian geometry. If we choose the normal gauge, i.e.,
x 0 = 1, the curvature scalar becomes
The field equations are obtained from the variational principle
where L is the matter Lagrangian density and Λ is the cosmological constant. Considering φ α as an external field, the field equations are obtained varying the action with respect to g αβ . Then the Einstein equations in Lyra geometry are
where T µν is the energy-momentum tensor associated with the matter distribution. Multiplying eq.
(13) by g µν , the field equations are rewritten as
where T = g µν T µν is the trace of the energy-momentum tensor, L µν is defined as
and L is its trace, i.e., L = g µν L µν .
III. GÖDEL AND GÖDEL-TYPE UNIVERSES
The Gödel metric [38] is the first exact solution with rotating matter of Einstein field equations.
This solution is stationary, spatially homogeneous and has cylindrical symmetry. The main characteristic of Gödel metric is the possibility of closed timelike curves (CTC's), that imply causality violation, i.e., in theory travel to the past is allowed. The Gödel metric is
where a is a positive constant. The Ricci tensor and Ricci scalar associated with this metric are
Considering the energy-momentum tensor as T µν = ρu µ u ν , where ρ is the matter density and u µ = (a, 0, ae x , 0) is the 4-velocity, the Einstein equations,
are satisfied for the conditions
The Gödel solution may be considered as a family member of homogeneous geometries of Gödel-type space-time [42] . In cylindrical coordinates Gödel-type metric is
where the functions H(r)e D(r) are such that
where the prime means derivative with respect to r. The parameters m and ω are constants used to classify different Gödel-type geometries, such that ω > 0 and −∞ ≤ m 2 ≥ +∞. The metric, eq.
(20), is rewritten as
where G(r) = D 2 (r) − H 2 (r). In this form, the existence of CTC is evident and the circles defined by t, z, r = constant depend on the behavior of G(r). If G(r) < 0 for a certain range of r, the 
The critical radius is r c = 1 ω , such that for all r > r c there are non-causal Gödel circles.
ii) Trigonometric (m 2 ≡ µ 2 < 0) with
Here exist an infinite sequence, alternating between causal and non-causal regions.
iii) Hiperbolic (m 2 > 0) with
The hyperbolic class may be separated into two, depending on m 2 : (1) 0 < m 2 < 4ω 2 , where there is one non-causal region for r > r c , with the critical radius r c given by
(2) m 2 ≥ 4ω 2 , in this case there is no breakdown of causality and, thus, no occurrence of CTCs,
i.e., r c → ∞ (completely causal region). If m 2 = 2ω 2 , the Gödel result is recovered [38] .
In order to study the field equations, for the sake of simplicity, let's use the following basis [42] 
where the line element takes the form
with θ A = e A µ dx µ being the 1-forms and η AB = diag(+1, −1, −1, −1) being the Minkowski metric.
In this new basis, a flat space-time, the Ricci tensor is given by
and the scalar curvature is
Then Einstein tensors become
IV. GÖDEL SOLUTION IN LYRA GEOMETRY
In this section the energy-momentum tensor is considered as
with u µ = (a, 0, ae x , 0) and its trace as T = ρ. In order to calculate the field equations, eq. (14), the displacement vector is chosen as
where b is a constant. Using Gödel metric, eq. (16), the field equations become
Rearranging equations (34) and (36) we obtain
This result modifies the standard Gödel relations, although it is an exact solution of field equations. Then CTC's exist in Lyra geometry for the displacement vector (33), i.e., there is a causality violation in this theory. An important note, for the case that Λ = 0, the solution is
and κρ = 0. Therefore, in Lyra geometry for an empty universe the b 2 parameter is equal to the cosmological constant in Riemann geometry. Similar interpretations involving b 2 and Λ have been presented [28, 29, 43] . Other choices for φ α lead to solutions with b 2 = 0, i.e., there is no contribution due to Lyra geometry.
V. GÖDEL-TYPE SOLUTION IN LYRA GEOMETRY
In order to study the Gödel-type solution in Lyra geometry two cases are considered: (i) zero cosmological constant and (ii) non-zero cosmological constant.
A. Λ = 0
Here the field equations, eq. (14), in the tetrad frame become
To solve this equation, let's consider as source of matter a perfect fluid. Its energy-momentum tensor is
where ρ is the energy density, p is the pressure and u A = (1, 0, 0, 0) is the 4-velocity of the fluid.
The trace of eq. (40) is
Considering the displacement vector as
the field equations become
From these equations we get
The condition (46) corresponds to Gödel solution that leads to causality violation. As consequence of the new geometry the critical radius is modified and becomes
In Riemann geometry, the parameters are related as m 2 = 2ω 2 = κρ = −2Λ. Here the same condition is obtained from eq. (47) with
i.e., b 2 corresponds to the negative cosmological constant. Then the displacement vector has a complex value. A similar result has been found in [28] .
As a second choice, let's consider
which leads to the field equations
Combining these equations we obtain
Here, two possibles class of solution may be considered. The first class corresponds to the SomRaychaudhuri space-time [44] . Another way to obtain a causal solution is to consider the energy-momentum tensor as
where T M AB is the energy-momentum tensor of the perfect fluid and T S AB is the energy-momentum tensor associated to the scalar field Φ, given by
with ∇ A being the covariant derivative with respect to base θ A = e A B dx B . Assuming, for simplicity,
the energy-momentum tensor components associated with the scalar field are
and its trace is T = ρ − 3p + e 2 . Let's analyze the cases where the φ A implies no-trivial solutions,
i.e., eqs. (42) and (50). For the choice (42), the field equations become
Combining these equations we get
Due to the introduction of the scalar field, there is a freedom to choose the m 2 value. Considering that Gödel-type metric belongs to the hyperbolic class, where m 2 > 0. The possible solutions are:
Gödel solution and a causal solution. If m 2 = 2ω 2 , the Gödel solution is recovered with e = 0.
Note that, κe 2 > 0, then m 2 = 4ω 2 is the possible value which leads to a causal solution. In this case, the scalar field e assume the value e = 2 k ω. Now, for the choice (50), the field equations are
From these equations we obtain
For the hyperbolic class we get a causal solution if
Therefore, in both cases with scalar field the causal solution is possible.
B. Λ = 0
The field equations for choice (42) become
Combining these equations, we get
The equation (71) leads to the Gödel solution. In addition the critical radius is modified, i.e.,
An important note, beyond which there exist non-causal Gödel circles, which depend on the density matter, pressure and the b 2 parameter, that is due to Lyra geometry. Therefore, is possible to find a completely causal Gödel solution in Lyra geometry. It occurs for 2b 2 = κ(ρ + p), since r c → ∞.
For the displacement vector given by eq. (50), the field equations are given as
Rearranging the field equations,
For the class solution with m 2 = 0 we get ω 2 = b 2 . The Gödel solution happens to b = 0, as expected. A causal solution, with m 2 = 4ω 2 , leads to a complex value for the vorticity.
In order to obtain a different causal solution the scalar field is considered as in eq. (55). Using eq. (42), the equations system is
From these equations, we obtain
In the hyperbolic class of solution, the causal solution is obtained for 2ω 2 = κe 2 , which leads to
For the displacement vector (50), the field equations are given as
Here, a causal solution emerges only if b 2 = 1 2 κe 2 − ω 2 . An important note, the universe rotation problem is one of the most intriguing in modern cosmology. There are two opposing points of view on this problem. (i) The universe as a whole is usually considered to be non-rotational in contrast to astronomical objects, such as planets, stars, and galaxies. (ii) The possibility that the universe rotates should not be ignored since the solutions of general relativity corresponding to a rotating universe have been found directly indicating that a global rotation is physically allowed. Although it is an important problem, our results do not address a solution. However, the objective here was to study the causality issue in a solution of general relativity that describes a rotating universe within a non-Riemannian geometry.
VI. CONCLUSIONS
The GR has been developed in a Riemannian geometry. However is possible study gravitational effects in others geometries. Lyra geometry is a non-Riemannian geometry that allows study Einstein equations. Although various studies and applications have been realized in Lyra geometry, there is nothing about causality violation in this context. Gödel solution is an exact solution of GR that exhibits CTC's, then it allows causality violation. In this context is interesting to study this solution in a different geometry. Our analysis is developed for Gödel metric and for Gödel-type metric for physically well-motivated matter sources presented by perfect fluid and a scalar field.
Our results have shown that the field equations solution depend on the choice of the displacement vector φ α . For the choice given by eq. (33) the Gödel metric is a solution of Einstein equations in the Lyra manifold. Here the usual GR solution is changed by a constant factor. In addition, for an empty universe, the b 2 parameter is equal to the cosmological constant in Riemann geometry. In order to study the Gödel-type solution different cases are considered. Therefore, our results shown that in Lyra geometry is possible avoid the causality violation choosing a particular value for a parameter that comes from geometry. In addition, for a perfect fluid as matter source a causal solution is determined. This result allows an analyze that there is no analogue in GR.
